Significant effort has been put into modeling the evolution of hillslope profiles through time. The models use a continuum approach and are commonly deterministic. Early models assumed a linear relationship between hillslope angle and sediment flux. This relationship produces hillslope profiles that increase in steepness from crest to base. However, hillslopes observed in the field are commonly planar downslope of their convex crests. Recently, non-linear sediment transport equations have been developed that produce hillslope profiles closer to those which are observed in nature, yet the mid-slope sections are not entirely planar. Currently, there is interest in using a non-deterministic approach where transport distances follow probability distributions that depend on hillslope angle. In order to qualitatively and quantitatively characterize this probabilistic relationship, the transport distances of individual particles released into a dry ravel flume with a rough surface were measured as a function of flume angle. Using the inputs of flume angle and surface roughness, the results of the experiments were replicated with a discrete element model in which the motion of the particles was modeled with the momentum equation. The implication of this study is that this method can be used with inputs measured from the field to model the evolution of entire hillslopes.
INTRODUCTION
hypothesized that the mass movement of weathered material on a hillslope takes place at a rate proportional to the surface gradient. Culling (1963) was subsequently able to show that when soil particles are assumed to move according to a random walk process, the overall behavior of soil on a hillslope follows a linear diffusion-like equation. By coupling this linear diffusion equation with the continuity equations, hillslope profiles at steady-state can be determined.
This approach avoids the need to consider each particle of soil individually and, instead, assumes that soil is a continuum.
The type of linear continuum model proposed by Culling (1963) predicts hillslopes with constant curvature; however, hillslopes found in nature are commonly convex near their crests with planar mid-slope sections. To reconcile this field observation with linear models, some (Kirkby, 1985; Anderson, 1994) have suggested that the angle associated with the planar mid-slope section represents the transition to landslide-dominated hillslopes. Others have appealed to a non-linear approach (e.g., Roering et al., 1999; Gabet, 2000) in which sediment flux increases rapidly at steep slopes toward a critical gradient at which the sediment flux becomes infinite.
Sharp increases in the sediment flux at higher slopes may be the result of greater amounts of sediment transported, greater average transport distances, or both. The latter has been observed in sediment transported by gopher bioturbation (Gabet, 2000) , dry ravel (Gabet, 2003) , and raindrop impact (Furbish et al., 2009 ). Roering et al. (2001 developed a non-linear equation for sediment flux and used it as the basis for a hillslope evolution model. The model produces hillslope profiles that agree with field observations, though it is not able to produce perfectly planar hillslopes.
Continuum models, such as the ones introduced by Culling (1960 Culling ( , 1963 , depend on two main assumptions: (1) the average sediment mass flow rate can be approximated using hillslope gradient without the need to account for the exact movement of each individual particle, and (2) the gradient need be known only at a single point in order to generate an accurate prediction of the mass flow at that point (Tucker and Bradley, 2010) . These are locality assumptions, which are not unique to hillslope transport, and are used whenever it is assumed that particles on a hillslope move only short distances relative to the length of the hillslope (Schumer et al., 2009) . In contrast, nonlocal sediment transport occurs when the distance that a particle travels is large relative to the length of the hillslope. Specifically, nonlocality occurs when the mean distance traveled by a particle tends toward infinity and, as a result, the probability distribution associated with the transport distance develops a heavy tail that is right-skewed (Tucker and Bradley, 2010) . If nonlocal behavior is observed, then the concentration and momentum of particles at a point cannot be accurately estimated based solely on the hillslope gradient at that point (Tucker and Bradley, 2010) .
Recently, there has been a shift away from approaches that are deterministic and that assume particles on a hillslope form a continuum, in favor of gaining a more detailed understanding of hillslope sediment transport processes (e.g., Tucker and Bradley, 2010) . If the position and momentum of each particle on a hillslope were known, along with the rules that governed the interactions between grains, the magnitude and direction of the volumetric sediment flux could be calculated at any given point. This technique is known as the discrete element approach; however, because it is computationally prohibitive to model the grain-to-grain interactions of every particle on an entire hillslope, the motion of the particles can instead be modeled in a statistical fashion (Tucker and Bradley, 2010) .
To characterize the individual motion of sand grains, Roering (2004) performed a series of experiments in which sand was piled into an open-ended box with Plexiglass sides and then perturbed by acoustic vibrations. By placing clumps of colored tracer grains into the pile at various depths, Roering (2004) was able to measure the displacement of the grains after they had been perturbed. The distance traveled by buried particles could be modeled deterministically because the grains remained clumped, whereas grains that had been buried less than 1 cm dispersed and traveled large and variable distances, suggesting that the travel distance of particles near the surface is better characterized probabilistically (Roering, 2004) .
Recognizing that transport distances are not deterministic, Furbish and Haff (2010) used a probabilistic approach to model continuity of mass at a point, given random arrivals and departures to and from the point. This model was incorporated into a master equation that describes geomorphic systems. Furbish and Haff (2010) assumed an exponential distribution for transport distances of particles, and the model results are in agreement with field observations, but are not able to produce perfectly planar hillslopes. Some of the key parametric quantities in the model of Furbish and Haff (2010) are well constrained for certain transport processes but not for others. For example, in the case of rain splash, the use of an exponential distribution for transport distances is justified (Furbish et al., 2007) , but other processes may give rise to different distributions. Furbish and Haff (2010) conjectured that hillslope gradient would be a main factor in the formulation of such distributions but that surface roughness and sediment characteristics would likely be involved.
Sediment transport laws can be developed that are based not on random walks, but on the type of motion that is actually observed for individual particles (Tucker and Bradley, 2010) . In order to develop such sediment transport laws, experiments would need to be performed that measure the frequency with which particles travel certain distances, and their mean and variance. In addition, it would need to be established that the results of such experiments could be tied to the physical characteristics of a hillslope (e.g., gradient and roughness). Tucker and Bradley (2010) developed a computer model in which one particle out of a large mound of individual particles is randomly selected to make a "hop." However, whether the particle will actually make a hop is dependent on its position relative to its neighbors and on a probability distribution. This model has the advantage of being discrete, nondeterministic, and computationally efficient; however, the probability distribution was chosen arbitrarily and was not based on experimental results.
Although there has been interest in gaining a more detailed understanding of hillslope sediment transport processes with an increasing emphasis on discrete and probabilistic approaches, data on transport distances of actual particles are limited.
This study examines the simplest hillslope transport process, dry ravel, defined as the rolling, sliding, and bouncing of particles down a rough surface. The purpose of this study is twofold: (1) to develop an approach to model transport distances of particles that depends on roughness and slope, preserves the essential physics of the process, and is parsimonious; and (2) to mathematically describe the probability distribution of transport distances as a function of flume angle.
MATERIALS AND METHODS
The main piece of equipment used was a 3-m-long, 0.3-m-wide, 0.1-m-deep wooden box. The floor of the box consisted of a layer of concrete into which pebbles with diameters ranging from 1-5 cm had been embedded to simulate the rough surface of a hillslope. This box is hereafter referred to as "the dry ravel flume" (Fig.   1 ).
To characterize the roughness of the flume surface, its elevation was measured along width-parallel transects at 1 cm intervals. The surface relief along each transect was calculated by subtracting the mode of the transect elevations from each measurement and then taking the absolute value of the result. Transects were taken along the entire length of the flume at 10 cm intervals, for a total of 28 width parallel transects. Twenty-nine measurements were taken for each transect, for a total of 812 calculated values of the surface relief, to form a distribution that characterizes the roughness of the flume surface.
A hopper was used to impart an initial velocity to the 1-cm pebbles used in the flume experiments. The hopper quickly released a pebble from rest at a controlled height onto a short (5 cm) wooden ramp inclined at 11° (Fig. 2 ). This method was adopted to ensure that the initial velocity of the pebbles in the down-flume direction was as uniform as possible (Gabet, 2003) . The velocity initially directed down-flume is proportional to the sine of the flume angle. Because sine is an increasing function of flume angle, the release height of the pebbles was decreased with increasing flume angle, such that the initial velocity, v o , remained constant (0.7 m/s) throughout the experiments. Release height, h, was adjusted according to:
where g is acceleration due to gravity, and θ is flume angle.
The experiments consisted of releasing a pebble into the flume, measuring its travel distance, and then removing it. This was repeated 100 times at each angle setting. The angle of the flume was varied in increments of 3°, starting from 0°. As the experiments progressed to steeper flume angles, some of the pebbles did not stop and instead rolled to the end of the flume. If this occurred, the distance traveled was recorded as "infinity." Eventually the flume reached an angle, 30°, where all 100 pebbles rolled to the end. At this point the experiment was terminated.
RESULTS
The average distance traveled by the pebbles increased nonlinearly with angle ( Fig. 3) . At 3°there is an anomalous dip in the average transport distance;
however, given the variance of the data it is not significantly less than the average transport distance at 0°(p-value=0.149, see Appendix II for details). The proportion of pebbles that rolled to the end of the flume increased as the flume angle increased (Fig. 4) . The distributions of transport distances are skewed, and as the slope steepens, the peak occurs at higher values and the range increases (Fig.   5 ). For the flume angles where a significant proportion of pebbles rolled to the end (18°-24°) the distributions flatten out and become quasi-uniform. At 27°, only four pebbles stopped on the ramp, making it difficult to draw conclusions about the shape of the distribution.
To mathematically describe the probability distribution of the transport distances as a function of flume angle, let X be a random variable which takes on the values 1 and 0, associated with success and failure respectively. The event in which a particle stops on the flume is defined to be a success and the event in which a particle rolls to the end of the flume is defined to be a failure. X ∼ Bernoulli(p), with probability mass function: 
where p is a function of flume angle, θ, given by the logistic equation:
where β 0 and β 1 were obtained by performing a logistic regression on the flume data (Table 1) .
Let Y be a random variable that represents the distance traveled by a particle on the flume, given that it did not fall off the end. If the outcome of the above Bernoulli trial is a success, Y ∼ Beta(α, β, 0, L). If the outcome of the above Bernoulli trial is a failure, the distance traveled is "infinity." The conditional density function of Y is given by:
where the probability density function for Beta(α, β, 0, L) is given by:
where L is the length of the flume and α and β are each nonlinear functions of 
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Regression coefficients, β n , for logarithmic regression on p and θ (r 2 = 0.836); a n , for polynomial regression on α and θ (r 2 = 0.908); b n , for polynomial regression on β and θ (r 2 = 0.979).
flume angle, θ, of the form:
where a n and b n are the coefficients of polynomial regression (Table 1) . Beta distributions were fit to the results at each flume angle setting via maximum likelihood estimation, from which an estimate of α and β were obtained for each flume angle (Table 2 ; Fig. 6 ). These were then plotted against flume angle and 4 th order polynomial regressions were performed to obtain estimates of the constants in equations 6 and 7.
DISCUSSION Model
The motion of particles down a rough surface can be characterized by the equation for a body sliding down an inclined plane:
where x is the distance traveled and µ is the coefficient of kinetic friction (Gabet, 2003) . If the roughness of the flume surface were uniform, a single value of µ could be used to calculate transport distances according to equation 8. However, because the surface was irregular, a spatial distribution of roughness values was needed to model transport distances. Equation 8 can be rearranged to yield: Shape parameters α and β for beta distributions fit to experimental results via maximum likelihood estimation. A computer model was developed (see Appendix I) to approximate the physics of a particle sliding and bouncing down a rough surface. If the experimental results are reproduced, then this method can be used to model the evolution of entire hillslopes. The model simulates a particle with an initial velocity of 0.7 m/s traveling down a rough surface that is 3-m-long. The distance traveled, x, is calculated according to:
where v is velocity and ∆t is the time step (s). The length of the time step was adjusted down until the model fit the experimental results. The velocity is updated at each time step according to:
where c is a coefficient of restitution, with values between 0 and 1, that accounts for energy lost during collisions of the particle with the surface. The acceleration, a, is calculated with:
At each time step, a value for µ is randomly chosen from the probability distribution derived earlier (Fig. 7) based on its location. The particle is advanced, according to equations 10-12, until its velocity is calculated to be a non-positive number or its total transport distance exceeds 3 m (Fig. 8) .
Comparisons
Model results are compared to the results from the flume experiments in Figure 5 . At a significance level of α = 0.05, there was a difference between 6 of the means of measured transport distances and their corresponding means of modeled transport distances. The difference in mean transport distances ranged from 18% to 63% at the slopes of 0°, 3°, 6°, 15°, 18°, and 24°. At a significance level of α = 0.05, none of the differences in sample proportions of the number of particles that rolled to the end of the flume are significant.
The model is scale-independent. It currently runs for a particle size of 1 cm, but by scaling the distribution of coefficients of kinetic friction values by the appropriate factor, smaller or larger particles could be modeled. A smaller particle would experience more resistance from the flume surface and would therefore travel shorter distances, on average. A larger particle would experience less resistance from the flume surface and would therefore travel farther, on average.
Currently the model selects from a roughly exponential distribution of coefficient of kinetic friction values (Fig. 7) , thus, on average, smaller values of µ are chosen over larger ones. If a small value for the coefficient of kinetic friction is selected, the particle will travel farther compared to when a larger value for the coefficient of kinetic friction is chosen. If the model were instead selecting from a different distribution of coefficient of kinetic friction values, the results would likely be different. For example, if the model were selecting from a normal distribution, larger values of µ would be selected more often, and thus, on the average, the particles would not travel as far.
The results of the experiments of Roering (2004) suggested that the travel distance of particles near the surface is best characterized probabilistically, which was the case in this study (Fig. 5) . Given the probabilistic nature of travel distances of particles on an inclined surface, one would not expect the modeled results to match the experimental results perfectly. Nevertheless, the model is able to reproduce the general shapes of the distributions of transport distances (Fig. 5) , some of the means perfectly (Table 3) , and others with a percent difference that ranges from 18-63%. The model is also able to reproduce the proportion of pebbles that roll to the end of the flume perfectly (Table 3) . Thus, the model is able to reproduce the experimental results reasonably well, and it fulfills the other goals of the study in that it (1) depends on roughness and slope, (2) is based on the essential physics of the problem, and (3) is parsimonious.
The results of the experiments show that the transport distances of particles due to dry ravel do not have an exponential distribution ( Fig. 5) , as was used in the model of Furbish and Haff (2010) as a general starting point for all types of particle transport on hillslopes. The data confirm the hypothesis of Furbish and Haff (2010) that different transport processes and environments exhibit different types of characteristic distributions that depend on both gradient and surface roughness. Furbish and Haff (2010) proposed that sediment characteristics were also likely to be involved. The current model takes the size of the particles into account by scaling the roughness values according to the particle size, which were subsequently trasformed into µ values, but the kinematic equations 10-12 used to model the motion of particles in this experiment are independent of particle mass and shape.
A promising starting point for future study would be to incorporate additional parameters for particle characteristics, such as sphericity and roundness, into the model that was developed for this study.
CONCLUSIONS
Experiments were performed in which the travel distance of pebbles released into a dry ravel flume was measured. The results were used to create probability distributions that characterize the travel distance of particles down a rough surface.
A numerical model for particles traveling down a rough surface was then created, 
Interpreting P-Values
P-values are the probability of observing an event similar to what was observed, or more extreme, given that the null hypothesis is true. In the case of comparing the sample means of the distance traveled, the p-value represents the probability of observing a difference in the sample means as great as or greater than what was observed, given that the samples were taken from an identical population.
In the case of comparing the sample proportions, the p-value represents the probability of observing a difference in the sample proportions as great as or greater than what was observed, given that the two samples are coming from the same population. A small p-value would indicate that it is unlikely that the two samples are coming from the same population. In the instances where the difference in the sample proportions are zero, the p-values are 1 because there is nothing less extreme than seeing no difference in the sample proportions, and thus, the probability of seeing a difference as great as was observed, or greater, would have to be 1.
Mann-Whitney U Test
The Mann-Whitney U test is a non-parametric test that can be performed when there is reason to believe that the data in question are not normally distributed. Both the Z-test and t-test require that normality assumptions be made.
However, if these assumptions are violated, then the resultant p-value will not be accurate. The data from the flume experiments are not normally distributed (Fig.   5 ) and thus neither a Z-test, nor a t-test can be used to test for a difference in population means. The Mann-Whitney U test is commonly applied when there is doubt surrounding the validity of assuming normality because it does not require that any normality assumptions be made, only that the data are independent and identically distributed. The null hypothesis is that the data are coming from the same distribution with no location shift. No assumptions are made about the type or shape of the distribution. The alternative hypothesis is that the data are coming from the same distribution, but that the distributions are shifted in location. Even in cases where a Z-test or t-test is valid, the efficiency of the Mann-Whitney U test is almost as good as the Z-test and t-test. The efficiency of the Mann-Whitney U test may be much higher in cases where the Z-test or t-test cannot be performed.
Fisher's Exact Test
Fisher's exact test uses exact binomial probabilities to test whether two populations have the same probability of an event occurring. The null hypothesis is that the odds ratio is 1, implying that the chance of observing an event in population 1 is the same as in population 2. Fisher's exact test was used rather than the simpler Z-test or Pearson's χ 2 test because neither test would have been valid in this instance. The Z-test is not valid when n 1 p 1 , n 1 (1 − p 1 ), n 2 p 2 , or n 2 (1 − p 2 ) is less than 5, where n 1 and n 2 are the sizes of samples 1 and 2 and p 1 and p 2 are the probability of success in populations 1 and 2. Therefore, even though all of the assumptions of Fisher's exact test are not met, it can still be used and its resultant p-value can be trusted.
